Electrodes on the surface of an elastic substrate have important effects on the surface acoustic wave (SAW) propagation, and related changes like wave velocity and mode shapes due to the presence of electrodes should be considered in the analysis so the information available to practical applications can be accurate and adequate. Because the essential characteristics of surface acoustic wave propagation is obtained from semi-infinite solids, practical applications related to device analysis and design are derived with assumptions and approximations through simplifying the electrodes and reduction of numbers of variables. In an attempt to improve the accuracy and complexity of SAW analysis, a simple electrode as a thin metal layer over an infinite isotropic elastic solid is considered for a demonstrative study. With precise solutions from threedimensional equations of elasticity for surface acoustic wave propagation, we can extend the results to discontinuous periodic electrodes, or the interdigital transducers (IDTs), for better estimation of the effect on wave velocity and mode shapes. In a manner similar to our previous work on bulk acoustic wave resonators, simple but effective concepts like the thickness and mass ratios are introduced for a direct estimation and easy solution of wave properties. The method will be further extended to anisotropic materials that are widely used in surface acoustic wave devices as substrates for better and practical analytical approaches closer to demands of design process. Eventually, we want to further apply these methods to the two-dimensional theory we are working on so the analysis of surface acoustic wave propagation, both analytical and numerical, can be improved for the device design.
Introduction
Surface acoustic wave resonator design requires a detailed analysis on essential properties of waves like the phase velocity, which can only be obtained for semi-infinite elastic solids [1] [2] [3] [4] . The solutions from three-dimensional elasticity and piezoelectricity equations have been widely used for the study of materials for SAW devices [5] , and the solutions are also part of the evolving theory for SAW analysis. Current analytical methods for SAW resonators are very limited in accuracy and functions because there are no analytical methods can analyze the surface acoustic waves propagating in finite elastic solids, so we have turned to finite element method and boundary element method for numerical solutions often with further simplifications [5] [6] [7] [8] . However, even the powerful numerical methods cannot be enough in the SAW analysis because the size of the problems usually exceeds the capacity of computers we can find in a typical industrial and research environment. As an alternative, many analyses are done with one period of the complicated structures, and these results offer some best approximations for engineering applications. These facts and reality show the difficulties in the SAW analysis, and it reminds us that SAW problems are far from well studied, as we compare it with bulk acoustic wave problems we are familiar with. By a careful examination of surface acoustic waves in finite solids, the similarity with bulk acoustic waves should offer some hints on a possible theory for the two-dimensional analysis.
A careful comparison with plate theories [9] [10] [11] invites us to work out a similar method, and this has been realized in our recent studies [12] [13] [14] . With the arrival of the two-dimensional theory, we need to turn to some important complications in a typical SAW resonator model for simplification and possible solutions. Naturally, the electrodes on the top of the SAW resonator substrate, although discontinuous in their usual layout, are the primary problem we need to work on. In this paper, we started with a thin metal layer on top of semi-infinite isotropic elastic solids to represent the simplest electrode configuration. We want to use the results of this study for real electrodes that are in the form of IDTs for practical consideration. We leave applications of the results in the two-dimensional theory in this study to future work.
propagating in a semi-infinite solid, the simplest electrode layout is a thin metal layer on the top of solids, as shown in Fig. 1 . In this study, the substrate and electrode are considered isotropic. Similarly for the strains in the top layer, from (2) we have ( ) (3) and (4), we can define the stresses in substrate layer as and substitution of (5) and (6) into (7) for electrode layer we have 
Equations (8) and (9) are actually the surface acoustic waves we are familiar with, and the solutions are also the same except the difference resulted from the negative argument of displacements in (1) . Without further elaboration, we have solutions from (8) and (9) (12) are the longitudinal and transverse wave velocity of the top layer. As a result, the displacements given in (2) can be rewritten as ( ) (14) with decaying parameters, which are unique in surface acoustic waves to guarantee the exponential decaying of the displacements in the thickness direction and relate to material properties like the density and elastic constants, (5), (6), (13), and (14) , applying boundary conditions in (17) and (18), we have the boundary condition equations as It is clear that the surface acoustic waves existing in the substrate can be solved from (19) with material properties like the elastic constants and densities of both materials. Of course, the thickness of the metal layer is also an important parameter. It is natural for us to relate the surface acoustic waves in this study to well-known Love wave [1] [2] [3] [4] , which is the transverse, or SH, surface waves in a similarly layered media. To have Love wave in the top layer, there is a requirement that the transverse wave velocity of the elastic substrate, T c , should be larger than that of the electrode, T c .
Indeed, for the surface acoustic waves in this study to exist in the substrate, similar requirement on the wave velocity of each material is also needed in our case. One important feature from this study is that the surface acoustic waves here is also dispersive, just like the surface acoustic waves in typically layered structures. As a result, to have surface acoustic waves in the substrate of such a layered structure, the transverse wave velocity of the electrode layer material should be larger. To simplify (19), we define the thickness to wavelength ratio and utilize the relationship between wavenumber and wavelength as follows
Through solving (19), we can evaluate the effect of the top layer on the surface acoustic waves in the layered structure.
Numerical results
To demonstrate the application of equations we present in the previous section, we calculated the effect of a layered structure with following material parameters, . 9600 , 5300 , 5880 , m/s 3400
The relation between the surface acoustic wave velocity in terms of the transverse wave velocity in the substrate, T c , and the electrode layer thickness is given in Fig. 2 . It is clear from Fig. 2 that the surface acoustic wave velocity in the structure will increase as thickness of the top layer increases, but there will be a turnover point. It is easy to understand that the gradual dominance of the surface acoustic waves in one media will change the wave velocity, which is being bounded between the transverse wave velocities of the two different materials.
Discussions
We analyzed the surface acoustic waves in a layered structure for the consideration of the effect of a thin metal electrode. Although the devices we are familiar with have discontinuous interdigital transducers (IDTs) that should be considered as discrete, the results here nonetheless will be used for the studies of surface acoustic waves from a different approach. This is part of our new effort in SAW analysis represented by the two-dimensional theory for surface acoustic waves in finite solids, and the combination of our work on the piezoelectric considerations and electrode effects will make the two-dimensional theory more practical for engineering problems.
